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Abstract
We discuss conformally covariant differential operators, which under local rescalings of
the metric, δσg
µν = 2σgµν , transform according to δσ∆ = r∆σ+(s−r)σ∆ for some r if ∆
is s th order. It is shown that the flat space restrictions of their associated Green functions
have forms which are strongly constrained by flat space conformal invariance. The same
applies to the variation of the Green functions with respect to the metric. The general
results are illustrated by finding the flat space Green function and also its first variation
for previously found second order conformal differential operators acting on k-forms in
general dimensions. Furthermore we construct a new second order conformally covariant
operator acting on rank four tensors with the symmetries of the Weyl tensor whose Green
function is similarly discussed. We also consider fourth order operators, in particular a
fourth order operator acting on scalars in arbitrary dimension, which has a Green function
with the expected properties. The results obtained here for conformally covariant diffe-
rential operators are generalisations of standard results for the two dimensional Laplacian
on curved space and its associated Green function which is used in the Polyakov effec-
tive gravitational action. It is hoped that they may have similar applications in higher
dimensions.
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1 Introduction
In discussions of the effects of quantum matter on gravity the effective action W [g], for
some fixed background metric gµν , is of crucial interest. It is a scalar under diffeomor-
phisms, i.e. local coordinate reparametrisations when of course gµν transforms as a tensor
field. The energy momentum tensor is defined by the response of the field theory to vari-
ations of the metric so that its expectation value for the background metric gµν is given
in terms of the effective action by
〈Tµν(x)〉 = − 2√
g(x)
δ
δgµν(x)
W [g] . (1.1)
Here we consider quantum field theories where the trace of the energy momentum tensor
has zero contributions from the quantum matter fields. Such field theories on curved space
are expected to be also Weyl invariant, i.e. invariant under local rescalings of the metric.
However in even dimensions there are local anomalies such that the effective action is
not invariant under Weyl rescalings and the energy momentum tensor expectation value
acquires an anomalous trace involving the curvature. In two dimensions this anomalous
trace is simply given by
gµν〈Tµν〉 = c
24pi
R , (1.2)
with R the Ricci scalar and c the Virasoro central charge. In four dimensions the ex-
pression for the anomalous trace is more complicated. It contains at least two linearly
independent dimension 4 scalars F,G formed from the metric so that
gµν〈Tµν〉 = −βa F − βbG (1.3)
where βa and βb are coefficients depending on the particular theory and
F = RαβγδRαβγδ − 4
d− 2 R
αβRαβ +
2
(d− 2)(d− 1) R
2 = CαβγδCαβγδ , (1.4)
G = RαβγδRαβγδ − 4RαβRαβ + R2 = 14εµνσρεαβγδRαβ µνRγδ σρ . (1.5)
Cαβγδ is the Weyl tensor which is given by
Cαβγδ = Rαβγδ − 2
(
gα[γKδ]β − gβ[γKδ]α
)
, (1.6)
with
Kαβ =
1
d− 2
(
Rαβ − 1
2(d− 1)gαβR
)
. (1.7)
F andG are the only necessary gravitational contributions to the trace anomaly in general.
Although a term proportional to R2 might be expected in the trace (1.3), it must be absent
here as a consequence of Wess-Zumino consistency conditions [1]. Moreover possible
contributions to the trace anomaly proportional to ∇2R may be cancelled by adding a
local term to the effective action.
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In two dimensions there is a well-known unique expression for the effective action due
to Polyakov [2], which is obtained by integrating the anomaly (1.2),
W P [g] = − c
96pi
∫ ∫
d2xd2y
√
g(x)R(x)G(x, y)
√
g(y)R(y) , (1.8)
with
−
√
g(x)∇2xG(x, y) = δ2(x− y) . (1.9)
The Polyakov action is manifestly a diffeomorphism invariant scalar. It has a non-local
structure as it involves the Green function of a second order differential operator ∇2 which
transforms simply under local rescalings of the metric δσg
µν = 2σgµν ,
δσ(
√
g∇2) = 0 . (1.10)
The Green function G(x, y) associated to ∇2 is therefore invariant under local rescalings
of the metric,
δσG(x, y) = 0 . (1.11)
With δσ
√
gR = 2
√
g∇2σ it is easy to check that the variation of the Polyakov action (1.8)
gives the conformal anomaly (1.2).
In four dimensions it is also natural to consider possible non-local constructions for
the effective action involving Green functions G∆ associated with differential operators
∆ with simple properties under Weyl rescalings and which reproduces the anomaly (1.3).
To this end in this paper we analyse such differential operators, which we refer to here as
conformally covariant differential operators, and derive some general properties of their
associated Green functions. The simplest such operator in d dimensions is the second
order operator
∆2 = −∇2 + d− 2
4(d− 1)R (1.12)
acting on scalar fields, with the variation
δσ∆2 =
1
2
(d+ 2)σ∆2 − 12(d− 2)∆2σ . (1.13)
Its associated Green function satisfies
δσG2(x, y) =
1
2
(d− 2)(σ(x) + σ(y))G2(x, y) . (1.14)
Clearly in two dimensions ∆ reduces to −∇2 and the Green function to G(x, y) which
featured in the above result for the Polyakov action. We investigate here generalisations
to operators acting on various tensor fields in arbitrary dimensions d. The construction
of conformally covariant differential operators, and also conformal invariants involving
the Riemann curvature tensor, have been discussed extensively by mathematicians. In
particular we may mention the results, in the general framework of differential geometry,
found by Branson [3], Fefferman and Graham [4], Parker and Rosenberg [5], and by
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Wu¨nsch [6]. Here we use especially the second order differential operator acting on k-
forms in d dimensions first obtained by Branson [3]. We also construct another conformally
covariant second order differential operator which acts on tensor fields with the symmetries
of the Weyl tensor defined in (1.6).
A crucial observation for our subsequent discussion is that theories defined on curved
space which are invariant under diffeomorphisms and also Weyl rescalings of the metric
are expected to be conformally invariant when reduced to flat space, when gµν = δµν .
Conformal invariance is a strong symmetry constraint for field theories which allows for
exact results for the two and three point correlation functions. Besides massless free field
theories the physical relevance of conformal invariance is given by the fact that it should
be realised for interacting quantum field theories at renormalisation group fixed points.
This property is illustrated by the Polyakov action since it is in agreement with con-
formal flat Euclidean space correlation functions [7]. We define the two point function on
flat space to be
〈Tµν(x)Tσρ(y)〉 = 4 δ
2
δgµν(x)δgσρ(y)
W P [g]
∣∣∣∣
g=δ
, (1.15)
with a similar expression for the three point function. AlthoughW P [g] itself is zero on flat
space where the curvature vanishes, second or higher functional derivatives of W P [g] are
non-zero even on flat space. Using δg(
√
gR) = −√g(∇µ∇ν − gµν∇2)δgµν and restricting
to flat space, when G(x, y)|g=δ = −lnµ2(x− y)2/4pi with µ an arbitrary scale, we obtain
〈Tµν(x)Tσρ(y)〉 = − c
48pi2
SxµνS
y
σρln(x− y)2 , Sµν = ∂µ∂ν − δµν∂2 . (1.16)
With conventional complex coordinates z on the plane, so that x2 = zz¯, and defining
T (z) = −2piTzz(x), this gives rise to the standard two dimensional conformal field theory
result
〈T (z1)T (z2)〉 = − c
12
∂z1
2∂z2
2 ln(x1 − x2)2 =
1
2
c
(z1 − z2)4 . (1.17)
Thus this calculation shows that the conformal energy momentum tensor two point func-
tion on flat space is completely determined by the conformal anomaly (1.2) on curved
space. If we use for the variation of the Green function
δ
δgzz(x3)
G(x1, x2)
∣∣∣∣
g=δ
= − 1
(4pi)2
1
(z1 − z3)(z2 − z3) , (1.18)
then the standard result for the three point function at non coincident points,
〈T (z1)T (z2)T (z3)〉 = − c
3
{
1
(z1 − z3)3(z2 − z3)3+
1
(z2 − z1)3(z3 − z1)3+
1
(z1 − z2)3(z3 − z2)3
}
=
c
(z1 − z2)2(z2 − z3)2(z3 − z1)2 , (1.19)
may be similarly obtained by varying the Polyakov action (1.8) three times with respect
to the metric [7].
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In four dimensions there is no analogue of the Polyakov action at present which has all its
properties, i.e. which just yields the conformal anomaly (1.3) under Weyl rescalings, and
which also leads to conformally invariant correlation functions for the energy momentum
tensor on flat space. An action constructed by Riegert [8], which involves the Green
function of a conformally covariant fourth order operator acting on scalars, generates
the conformal anomaly upon Weyl rescalings. However this does not lead to conformal
correlation functions on flat space. As discussed in [7], this is due to the insufficiently
rapid fall off at long-distances of the Riegert action, which is responsible for surface terms
spoiling the conformal invariance Ward identities. This is related to the fact, pointed
out by Deser [9], that the Green function for the fourth order differential operator which
appears in the Riegert action has a double pole. A general construction for the four
dimensional effective action to third order in the curvature, in terms of a basis for non-
local invariants, has been constructed by Barvinsky et al. [10]. This is unfortunately very
complicated and it is not at all clear which minimal linear combination of these terms is
sufficient for an action with the required properties.
The organisation of this paper is as follows: We begin by discussing conformal diffe-
rential operators on curved space and their associated Green functions in all generality in
section 2. It is shown how the form of the variation of the Green function with respect
to the metric is constrained by conformal invariance when reduced to flat space. In
section 3 we apply our general results to the second order differential operator on k-
forms constructed by Branson. In section 4 we discuss some previous results for scalars
which transform homogeneously under local rescalings of the metric, i.e. infinitesimally
δσO = ησO for dimension η. We rederive the expression for a scalar of dimension 6 in
which was found by Fefferman and Graham [4] in addition to the two dimension 6 scalars
which may be constructed trivially in terms of the Weyl tensor alone. With similar results
we then construct a conformal second order differential operator acting on tensors with
Weyl symmetry in section 5. We also discuss the Green function of this operator. In
section 6 we consider fourth order operators, in particular an operator acting on scalars
which reduces to the operator whose Green function is used in the Riegert action in four
dimensions. Results compatible with conformal invariance are again obtained. Finally
in section 7 we describe how the Riegert action is constructed but also that the fourth
order operator has 4 as a critical dimension so that conformal invariant results are not in
general obtained when reducing to flat space.
2 Conformally Covariant Differential Operators
We consider fields Oi(x) which are sections of tensor bundles over d-dimensional Rieman-
nian space with metric gµν . Under diffeomorphisms δxµ = vµ(x), i.e. local coordinate
reparametrisations, these fields transform as
δvOi(x) = Lv(x)Oi(x) , (2.1)
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with Lv the appropriate Lie derivative. Acting on scalars ϕ and on the metric gµν , Lv is
given by
Lvϕ = vλ∂λϕ , Lvgµν = vλ∂λgµν − ∂λvµgλν − ∂λvνgµλ
= −∇µvν −∇νvµ . (2.2)
It is also convenient to define the field O¯i(x) conjugate to Oi(x) such that O¯iOi is a
scalar, δv(O¯iOi) = vµ∂µ(O¯iOi). The transformation property is written as
δvO¯i(x) = L¯v(x)O¯i(x) . (2.3)
Thus corresponding to (2.2)
L¯vϕ = Lvϕ , L¯vgµν = vλ∂λgµν + ∂µvλgλν + ∂νvλgµλ (2.4)
when acting on scalars or on the metric. Furthermore under local Weyl rescalings of the
metric,
δσg
µν(x) = 2 σ(x)gµν(x) , (2.5)
we require
δσOi(x) = −r σ(x)Oi(x) , δσO¯i(x) = −r¯ σ(x)O¯i(x) , (2.6)
with some real numbers r, r¯.
Now let ∆ be an elliptic differential operator of order s. Under diffeomorphisms and
Weyl rescalings we then assume
δv(∆O)i(x) = Lv(x)(∆O)i(x) (2.7)
δσ(∆O)i(x) = (s− r)σ(x)(∆O)i(x) . (2.8)
(2.6) and (2.8) imply
δσ∆ = r∆σ + (s− r)σ∆ . (2.9)
Since δv
√
g =
√
g∇·v the expression
SO =
∫
ddx
√
g O¯i(∆O)i (2.10)
is then an invariant scalar, δvSO = 0, and moreover this is also Weyl invariant, δσSO = 0,
if
r¯ + r − s = −d . (2.11)
The equation √
g(x)(∆xG∆)
i
j(x, y) = δ
i
jδ
d(x− y) (2.12)
defines the Green function G∆
i
j(x, y) of the operator ∆. δ
i
j is the identity for the space
of tensors under consideration. Under diffeomorphisms this Green function transforms as
δvG∆
i
j(x, y) = Lv(x)G∆ij(x, y) + L¯v(y)G∆ij(x, y) . (2.13)
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The right hand side of (2.12) is invariant under Weyl rescalings, which implies together
with (2.9) that
δσG∆
i
j(x, y) = (d− r)σ(x)G∆ij(x, y)− (s− r)σ(y)G∆ij(x, y) . (2.14)
Thus the conditions for Weyl and diffeomorphism invariance of the Green function
implied by (2.12), (2.13) and (2.14) are(
(d− r)σ(x)− (s− r)σ(y)
)
G∆
i
j(x, y)
+ 2
∫
ddz σ(z)gαβ(z)
δ
δgαβ(z)
G∆
i
j(x, y) = 0 , (2.15)
(Lv(x) + L¯v(y))G∆ij(x, y) +
∫
ddz Lv(z)gαβ(z) δ
δgαβ(z)
G∆
i
j(x, y) = 0 . (2.16)
The sum of these two equations gives a non-trivial condition on G∆ for a fixed metric if
we restrict v, σ = σv by
Lvgαβ + 2σvgαβ = 0 , σv = ∇·v/d . (2.17)
With this condition, (2.15) and (2.16) yield(
Lv(x) + L¯v(y) + (d− r)σv(x)− (s− r)σv(y)
)
G∆
i
j(x, y) = 0 , (2.18)
although v, σv must be constrained so that surface terms can be neglected. Restricting
to flat Euclidean space, (2.17) gives the conformal Killing equation
∂µvν + ∂νvµ = 2σvδµν , (2.19)
which ensures that δxµ = vµ(x) is a conformal transformation, and any Green function
satisfying (2.18) is conformally covariant on flat space.
On flat space by translational invariance the Green function G∆(x, y) depends only on
x− y, so that denoting the flat space Green function by G˚∆ we have
G˚∆
i
j(x− y) = G∆ij(x, y)
∣∣∣
g=δ
. (2.20)
However applying the results for conformal two point functions developed in [11] gives an
explicit form for G˚∆ for conformal differential operators,
G˚∆
i
j(x) = C∆
Dij
(
I(x)
)
(x2)
1
2
(d−s)
, (2.21)
where Dij(I(x)) is here the appropriate representation of the inversion tensor acting on
the fields Oi and C∆ is some constant coefficient depending on d and the particular tensor
representation. Inversions are conformal coordinate transformations for which
x′µ =
xµ
x2
, (2.22)
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and the fundamental representation of the inversion tensor is given by
x′µ = x
2Iµν(x)xν , Iµν(x) = δµν − 2xµxν
x2
, detI = −1 . (2.23)
The inversion is a conformal transformation not connected to the identity. Its significance
for the two point functions is due to the fact that it plays the role of parallel transport
for conformal transformations.
The variation of the Green function G∆ with respect to a change in the metric is given
by
δgG∆
i
j(x, y) = −
∫
ddz G∆
i
k(x, z)
(
δg(
√
g∆z)G∆
)
k
j(z, y) . (2.24)
If we thereby define
G′∆
i
j,αβ(x, y; z) =
δ
δgαβ(z)
G∆
i
j(x, y) , (2.25)
then scale and diffeomorphism invariance imposed by virtue of (2.15) and (2.16) imply,
for z 6= x, y, that
gαβ(z)G′∆
i
j,αβ(x, y; z) = 0 , (2.26)
∇αzG′∆ij,αβ(x, y; z) = 0 . (2.27)
Restricting to flat space,
G˚′∆
i
j,αβ(x, y; z) = G
′
∆
i
j,αβ(x, y; z)
∣∣∣
g=δ
, (2.28)
which depends only on x− z, y − z, is also strongly constrained by conformal invariance.
It may be expressed in the same form as was obtained for conformal three point functions
in [11, 7], giving
G˚′∆
i
j,αβ(x, y; z) = −G˚∆ii′(x− z)G˚∆j′j(z − y)P i′j′ , αβ(Z) . (2.29)
P is a tensor symmetric and traceless in (αβ) which by conformal invariance depends only
on the conformal vector Zµ. This transforms as a vector at z and is defined by
Zµ =
(x− z)µ
(x− z)2 −
(y − z)µ
(y − z)2 , Z
2 =
(x− y)2
(x− z)2(y − z)2 . (2.30)
The tensor P satisfies the homogeneity property
P ij , αβ(λZ) = λ
sP ij , αβ(Z) . (2.31)
Note that P ij , αβ(Z) has the crucial property that it does not contain any factor (Z
2)−n,
n = 1, 2, . . ., since (2.24) implies that the only singular contributions for two of the three
points coincident involve (x− z), (y − z), but not (x− y).
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By using results from [7] the conservation equation (2.27) can be simplified so as to
constrain P ij , αβ alone. Instead of (2.29) we may alternatively write using results from
[11, 7]
G˚′∆
i
j,αβ(x, y; z) = −C∆2
Iαǫ(z − x)Iβη(z − x)Dj′j
(
I(x− y)
)
(
(z − x)2
)d(
(x− y)2
) 1
2
(d−s)
P˜ ij′ , ǫη(X) . (2.32)
where
P˜ ij , αβ(X) =
1
(X2)
1
2
(d+s)
P ij′ , αβ(X)D
j′
j
(
I(X)
)
, (2.33)
and
Xµ =
(y − x)µ
(y − x)2 −
(z − x)µ
(z − x)2 . (2.34)
Then on flat space (2.27) is equivalent to
∂αP˜
i
j , αβ(X) = 0 . (2.35)
3 Second Order Conformal Operator on k-Forms
As an example for the operator ∆ introduced in the previous section, we now discuss
the the conformal second order operator acting on k-forms in d dimensions which was
constructed by Branson [3]. We begin with some definitions.
If A = (1/k!)Aµ1···µkdxµ1 ∧ · · · ∧ dxµk is a k-form, the exterior derivative d acting on
k-forms and its adjoint δ, satisfying d2 = δ2 = 0, are defined by
(dA)µ1···µk+1 =
k+1∑
j=1
(−1)j−1∂µjAµ1···µˆj ···µk+1 = (k + 1)∂[µ1Aµ2···µk+1] , (3.1)
(δA)µ1···µk−1 = −∇λAλµ1···µk−1
= − 1√
g
gµ1ν1 · · · gµk−1νk−1∂λ
(√
ggλτgν1ρ1 · · · gνk−1ρk−1Aτρ1···ρk−1
)
, (3.2)
where the hat µˆj indicates that the corresponding index is to be omitted. Following
Branson we also define, with Rµν and R the Ricci tensor and scalar curvature,
J ≡ 1
2(d− 1)R , (3.3)
Kµν ≡ 1
(d− 2) (Rµν − Jgµν) , (3.4)
so clearly Kµν is the same tensor as used for the definition of the Weyl tensor in (1.6).
These transform under local Weyl rescalings as
δσJ = 2σJ +∇2σ , δσKµν = ∇µ∇νσ . (3.5)
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To construct a second order conformal differential operator acting on k-forms we first
consider the variation of δd and dδ under δσg
µν = 2σgµν , δσ
√
g = −dσ√g using the
explicit dependence on the metric exhibited in (3.2) to give, for γ ≡ 1
2
(d− 2k),
δσ(δdA)µ1···µk = 2γσ(δdA)µ1···µk
+ 2(γ − 1)(k + 1)∇λ
(
σ∇[λAµ1···µk]
)
δσ(dδA)µ1···µk = −2γ(dδ(σA))µ1···µk
− 2(γ + 1)k∇[µ1
(
σ∇λA|λ|µ2···µk ]
)
. (3.6)
Using
(k + 1)∇λ(σ∇[λAµ1···µk]) = ∇λ(σ∇λAµ1···µk)− k∇λ(σ∇[µ1A|λ|µ2···µk ]) (3.7)
we find
δσ
(
(γ + 1)(δdA)µ1···µk + (γ − 1)(dδA)µ1···µk)
)
= 2γ(γ + 1)σ(δdA)µ1···µk + 2γ(γ − 1)(dδ(σA))µ1···µk
− 2(γ − 1)(γ + 1)k
[
∇λ(σ∇[µ1A|λ|µ2···µk ]) +∇[µ1(σ∇λA|λ|µ2···µk])
]
+ 2(γ − 1)(γ + 1)∇λ(σ∇λAµ1···µk) . (3.8)
Single derivatives acting on σ are then eliminated by virtue of the identity
∇λσ∇µ +∇µσ∇λ = 12(∇λ∇µ +∇µ∇λ)σ
− 1
2
σ(∇λ∇µ +∇µ∇λ)− (∇µ∇λσ) , (3.9)
so that we obtain for the the conformal variation of the operator
D(k) ≡ (γ + 1)δd + (γ − 1)dδ
= (γ + 1)(δd + dδ)− 2dδ , (3.10)
from (3.8) the result
δσ(D(k)A)µ1···µk = (γ + 1)σ(D(k)A)µ1···µk − (γ − 1)(D(k)σA)µ1···µk
+ 2(γ − 1)(γ + 1)k(∇[µ1∇λσ)A|λ|µ2···µk]
− (γ − 1)(γ + 1)∇2σAµ1···µk . (3.11)
The last two terms involving second derivatives acting on σ can be cancelled by terms
linear in J and Kµ
ν , using the results for their variation exhibited in (3.5). The resulting
conformally covariant differential operator
∆(k) = D(k) + (γ + 1)(γ − 1) (J − 2kK) (3.12)
where
(KA)µ1···µk ≡ K[µ1 νA|ν|µ2···µk] . (3.13)
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is identical with the formula for ∆(k) constructed by Branson. From the above calculations
this has the conformal variation as in (2.9) for s = 2,
δσ∆
(k) = (γ + 1)σ∆(k) − (γ − 1)∆(k)σ . (3.14)
On 0-forms, or scalar fields, δ → 0 and therefore
∆(0) = 1
2
(d+ 2)
(
δd + 1
2
(d− 2)J
)
= 1
2
(d+ 2)∆2 (3.15)
the operator reduces to the well known conformal differential operator defined in (1.12).
An alternative expression of the existence of the conformal differential operator acting
on k-forms ∆(k) given by (3.12) may be found in terms of the d-dimensional action for
the k-form Aµ1...µk given by
S(k)(g,A) = 1
2
∫
ddx
√
g
[
(γ + 1) (dA)·(dA) + (γ − 1) (δA)·(δA)
+ (γ + 1)(γ − 1)(J A·A− 2kA·(KA))
]
, (3.16)
where for X, Y k-forms we define,
X·Y = 1
k!
Xµ1...µkYµ1...µk . (3.17)
The result (3.14) is then equivalent to
δσS
(k)(g,A) = 0 if δσA = (γ − 1) σA . (3.18)
It is convenient to define
2
δ
δgαβ
S(k)(g,A) = √g T (k)αβ , T˚ (k)αβ = T (k)αβ
∣∣∣
g=δ
. (3.19)
The calculation of the flat space expression for T˚ (k)αβ is straightforward given the explicit
form of d in (3.1), which is metric independent, and δ in (3.2) but the detailed formula is
lengthy and so it is relegated to appendix A.4. From this we may find
T˚ (k)αα = −(γ − 1)A·(D˚(k)A) ,
∂αT˚
(k)
αβ = − 1k! (dA)βµ1...µk (D˚(k)A)µ1...µk − 1(k−1)! Aβµ1...µk−1 (δD˚(k)A)µ1...µk−1 , (3.20)
with D˚(k) the flat space restriction of D(k), as in (3.10), and hence of the conformal
differential operator ∆(k).
According to the definition (2.12), the Green function of the operator ∆(k) is defined
by √
g(x)
(
∆x
(k)G(k)
)
µ1···µk,
ν1···νk(x, y) = EAµ1···µk ,ν1···νk δd(x− y) , (3.21)
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for EA the projector onto totally antisymmetric k-index tensors,
EAµ1···µk,ν1···νk = δ[µ1ν1 . . . δµk ]νk . (3.22)
In appendix A.2 we calculate this Green function for general d and k on flat space when
gµν = δµν and we may identify up and down indices. The result is
G˚(k)µ1···µk,ν1···νk(x) = Td IAµ1···µk,ν1···νk(x)
1
xd−2
, (3.23)
where
Td =
1
Sd
1
2(γ − 1)(γ + 1) , Sd =
2pid/2
Γ(1
2
d)
(3.24)
and IAµ1···µk,ν1···νk(x) is the appropriate k-form representation for inversions and is given
by
IAµ1···µk ,ν1···νk(x) = EAµ1···µk ,σ1···σkIσ1ν1(x) · · · Iσkνk(x) . (3.25)
Note that this Green function does not exist if γ = ±1. If γ = 1, or k = 1
2
(d − 2), then
∆(k) = 2δd and there are solutions satisfying ∆(k)ψ = 0 for ψ = dφ. When γ = −1, or
k = 1
2
(d + 2), ∆(k) = −2dδ so the operators are not invertible. The result for the Green
function (3.23) is exactly of the form expected from the general results for conformal two
point functions discussed in section 2 as given in (2.21).
The conformal variation of the operator ∆(k) defined in (3.12) as given by (3.14) remains
unchanged if we add a term involving the Weyl tensor
(∆˜(k)A)µ1···µk = (∆(k)A)µ1···µk + t C[µ1µ2σρA|σρ|µ3···µk ] (3.26)
for any real t since δσCµν
σρ = 2σ Cµν
σρ.
We may now calculate the variation of the Green function G˜(k) for this operator with
respect to the metric using the formula (2.24). The variation of the differential ope-
rator ∆˜(k) may be obtained by varying the expressions for (dδA)µ1···µk and (δdA)µ1···µk
using (3.1,3.2), which give the explicit dependence on the metric, and also calculating
directly the variation of J,Kµν defined in (3.3,3.4), but is equivalently given by using the
expressions obtained from (3.19). Assuming the result (2.29) simplifies the calculation
considerably, since it is sufficient to only determine the most singular terms as z → y
which arise from terms with two derivatives acting on G(k)ρ1···ρk,ν1···νk(z, y), and we then
find, with definitions analogous to (2.25,2.28),
˚˜G(k)′µ1···µk,ν1···νk,αβ(x, y; z) = −G˚(k)µ1···µk ,σ1···σk(x− z)G˚(k)ρ1···ρk,ν1···νk(z − y)Pσ1···σk,ρ1···ρk,αβ(Z)
− 2t ECαγδβ,κλεη∂zγ∂zδ
(
G˚(k)µ1···µk,κλσ3···σk(x− z)G˚(k)εησ3···σk ,ν1···νk(z − y)
)
, (3.27)
where EC is a projection operator onto tensors with Weyl symmetry defined in appendix
A.1 and G˚(k) is as in (3.23). The second line corresponds to the additional term in (3.26).
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In the first line from direct calculation we find
Pµ1···µk,ν1···νk,αβ(Z)
= d
(γ + 1)(γ − 1)
(d− 1)(d− 2)
[
2k(kd− d+ k) EAµ1···µk ,ερ2···ρkEAηρ2···ρk,ν1···νkETεη,αβZ2
+ 4k(k − 1)(d+ 1)γEAµ1···µk ,κερ3···ρkEAληρ3···ρk,ν1···νkETκλ,αβZεZη
+ k(d2 − 2kd− d− 2k + 2) EAµ1···µk,ερ2···ρkEAηρ2···ρk,ν1···νk
× (ETεκ,αβZη + ETηκ,αβZε)Zκ
− 1
2
(d2 − 2kd− 4d+ 4) EAµ1···µk,ν1···νk(ZαZβ − 1dδαβZ2)
]
,(3.28)
with ETεη,αβ = 12(δεαδηβ+ δεβδηα)− 1dδεηδαβ the projector onto symmetric traceless tensors.
The tracelessness equation (2.26) and conservation equation (2.27) follow directly for flat
space at non coincident points from the result (3.20). We have verified that this result is
in accord with the conservation equation (2.35) with P → P˜ defined as in (2.33).
For the case d = 4 and k = 2 giving γ = 0 the Green function and its variation have
been used in [7] to construct an anomaly-free contribution to the effective action involving
the field strength tensor of a background gauge field. For the scalar operator ∆2 defined
in (1.12) then, making use of (3.15), we have as a special case of the above
G˚2(x) =
1
(d− 2)Sd
1
xd−2
, (3.29)
G˚′2,αβ(x, y; z) =
d(d− 2)2
4(d− 1) G˚2(x− z)G˚2(y − z)
(
ZαZβ − 1
d
δαβZ
2
)
. (3.30)
In this case the conservation equation (2.35) simply reduces to
∂α
(
1
(X2)
1
2
d+2
(
XαXβ − 1
d
δαβX
2
))
= 0 . (3.31)
4 Conformal Invariants
Before constructing a further conformal differential operator it is convenient to consider
possible scalar fields constructed in terms of the metric which transform homogeneously
under local Weyl rescalings of the metric. It is trivial to construct such scalars in terms
of the Weyl tensor defined in (1.6), since for δσg
µν = 2σgµν this transforms as
δσCµσρν = −2σ Cµσρν . (4.1)
Thus F defined in (1.4) transforms as δσF = 4σF . Using the symmetry and trace
conditions
Cµαβν = C[µα][βν], Cµ[αβν] = 0, g
µνCµαβν = 0 , (4.2)
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there are two such scalars cubic in the Weyl tensor,
Ω1 = C
µσ
ρνC
ρν
αβC
αβ
µσ , (4.3)
Ω2 = C
µσρνCνβσαC
α
ρ
β
µ , (4.4)
which, from (4.1), satisfy δσΩ1 = 6σΩ1, δσΩ2 = 6σΩ2. For general d these are independent
but when d = 4, Ω1 = 4Ω2 since
5Cµσ [ρνC
ρν
αβC
αβ
µ]σ = Ω1 − 4Ω2 . (4.5)
As shown by Fefferman and Graham [4] there is an additional scalar H satisfying
δσH = 6σH . (4.6)
We here verify the existence of a scalar satisfying (4.6) since in the physics literature
results have been given only for Weyl rescaling invariant integrals over all space in six
dimensions 2. For this purpose it is useful to define the Cotton tensor
C˜βγδ = ∇δKβγ −∇γKβδ , (4.7)
with Kβγ as in (3.4). It satisfies the identities
C˜βγδ = −C˜βδγ and C˜βγδ + C˜γδβ + C˜δβγ = 0 , (4.8)
and by virtue of the standard Bianchi identities
Cαβ[γδ;ε] = C˜α[γδgε]β − C˜β[γδgε]α . (4.9)
From this result we may easily obtain
∇αCαβγδ = −(d − 3)C˜βγδ . (4.10)
For the variation of the Cotton tensor under local Weyl rescalings we have
δσC˜βγδ = ∂ασ C
α
βγδ . (4.11)
The formula of Fefferman and Graham [4] can be written as
H = V αβγδǫVαβγδǫ + 16 C˜
γδεC˜γδε + 16C
αγδε(−∇αC˜γδε +KαβCβγδε) , (4.12)
where
Vαβγδε ≡ ∇αCβγδε + 2(gα[βC˜γ]δε + gα[δC˜ε]βγ) . (4.13)
Using (4.10), the invariant (4.12) may alternatively be written as
H = ∇αCβγδε∇αCβγδε − 4(d− 10)C˜γδεC˜γδε
+16 (−Cαγδε∇αC˜γδε + KαβCαγδεCβγδε) . (4.14)
2See the second paper in [1] or in [12] with corrections in [9]
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The variation under local Weyl rescalings may be calculated with the aid of
δσ(∇αCβγδε∇αCβγδε) = 6σ∇αCβγδε∇αCβγδε
+ ∂ασ
(
4∇αCβγδεCβγδε + 8∇βCαγδεCβγδε − 8Cαγδε∇βCβγδε
)
, (4.15)
and (4.10), which then ensures (4.6).
Independently, Parker and Rosenberg [5] found an equivalent scalar which can be writ-
ten in the form
Ω =
d− 10
d− 2
(
∇αCβγδε∇αCβγδε − 4(d− 2)C˜γδεC˜γδε
)
+
4
d− 2
(
∇2− 4J
)
CβγδεCβγδε . (4.16)
With standard results for the commutator
Cαγδε[∇α,∇β]Cβγδε = −(d− 2)KαβCαγδεCβγδε − J CβγδεCβγδε + Ω1 + 2Ω2
= −(d− 2)Cαγδε∇αC˜γδε − 12 Cαγδε∇2Cαγδε , (4.17)
where in the second line we use Cαγδε∇β∇αCβγδε = 12Cαγδε∇2Cαγδε −Cαγδε∇εC˜δγα, from
(4.9), and (4.10) for ∇βCβγδε. Using (4.17), with H as in (4.14), we then find
H = Ω + Ω1 + 2Ω2 . (4.18)
It is perhaps worth noting that the formula (4.16) can also be written in the form
Ω = − 1
d− 2
(
(d− 10)Cβγδε∇2Cβγδε + 16J CβγδεCβγδε
)
− 4(d− 10) C˜γδεC˜γδε + 12∇2(CβγδεCβγδε) . (4.19)
5 Conformal Operator on Weyl Tensor Fields
As a further example of a conformally covariant second order differential operator we now
construct a second order differential operator acting on tensor fields, Cµσρν , with Weyl
symmetry, i.e. they satisfy the symmetry and traceless conditions of the Weyl tensor
exhibited in (4.2). We assume that Cµσρν is to be regarded as metric independent but also
to transform with local rescalings of the metric δσg
µν = 2σgµν according to
δσCµσρν = − k σ Cµσρν , (5.1)
with k an arbitrary number.
In order to find such a conformally covariant covariant differential operator, we con-
struct a reparametrisation action of second order in C and then determine the restrictions
necessary to ensure local scale invariance (a similar procedure was followed in a recent
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paper by O’Raifeartaigh, Sachs and Wiesendanger [13]). We therefore first consider the
d-dimensional action with two derivatives, which by using the symmetry properties of
Cµσρν , can be reduced to
S0[g, C] = 12
∫
ddx
√
g
[
a∇αCµσρν∇αCµσρν + b∇µCµσρν∇αCασρν
]
. (5.2)
The two terms in (5.2) with coefficients a and b are the only possible independent scalars
involving Cµσρν . In the following we determine the values for the two coefficients a and
b necessary for a conformally covariant second order differential operator acting on Cµσρν
by requiring δσS
C [g, C] = 0, where SC [g, C] contains further curvature dependent terms
in addition to S0[g, C]. It is easy to see that for the action S0 to be invariant for constant
σ then we must have
k = −1
2
(d− 10) . (5.3)
To calculate the variation for general σ we make use of
δσ (∇αCµσρν∇αCµσρν) = (10− 2k) σ∇αCµσρν∇αCµσρν + 2(4− k)∂ασ∇αCµσρνCµσρν
+ 8∂µσ∇αCµσρνCασρν − 8∂ασ∇µCµσρνCασρν , (5.4)
δσ∇αCασρν = (2− k)σ∇αCασρν + (5− k − d)∂ασ Cασρν . (5.5)
Using these results for (5.2) with (5.1,5.3) we obtain
δσS0[g, C] = 12
∫
ddx
√
g
[
a
(
1
2
(d− 2)∂ασ∇α(CµσρνCµσρν)− 16∂ασ∇µCµσρν Cασρν
−8∇α∂µσ CµσρνCασρν
)
− bd ∂ασ∇µCµσρνCασρν
]
.
(5.6)
Hence if we choose
16 a = −d b , (5.7)
the terms involving single derivatives of σ in δσS0 cancel and now
δσS0[g, C] = −12a
∫
ddx
√
g
[
1
2
(d− 2)∇2σ CµσρνCµσρν + 8∇α∂µσ CµσρνCασρν
]
. (5.8)
These terms may be cancelled by the conformal variation of the additional action
S1[g, C] = 12a
∫
ddx
√
g
[
1
2
(d− 2)J CµσρνCµσρν + 8Kµα CµσρνCασρν
]
(5.9)
involving the curvature dependent terms J and Kµν defined in (3.3) and (3.4). Hence,
assuming now a = d/16, b = −1, we obtain a conformally invariant action
SC[g, C] = S0[g, C] + S1[g, C]
= 1
2
∫
ddx
√
g Cµσρν(∆CC)µσρν , (5.10)
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which defines the conformally covariant differential operator ∆C where explicitly
(∆CC)µσρν = − 116d
(
∇2 − 1
2
(d− 2)J
)
Cµσρν
+ ECµσρν, µ′σ′ρ′ν′
(
∇µ′∇α + 12dKµ′α
)
Cασ′ρ′ν′ , (5.11)
with EC as defined in appendix A.1. As a consequence of δσSC[g, C] = 0, as well as (5.1)
and (5.3), it must satisfy
δσ∆
C = 1
2
(d− 6) σ∆C − 1
2
(d− 10)∆Cσ . (5.12)
For generality we could also add S2[g, C] containing the invariants
S2[g, C] = 12
∫
ddx
√
g
[
c CµσρνCνβσαCαρβµ + e CµσρνCρναβCµσαβ
]
, (5.13)
where Cµκλν is the standard Weyl tensor defined in (1.6). Letting S˜
C [g, C] = SC [g, C] +
S2[g, C] we therefore obtain a two parameter conformal differential operator ∆˜C depending
on c and e,
(∆˜CC)µσρν = (∆CC)µσρν
+ ECµσρν,µ′σ′ρ′ν′
(
c Cαρ′
β
µ′Cν′βσ′α + eCµ′σ′αβCρ′ν′αβ
)
. (5.14)
The corresponding Green function is defined by√
g(x)(∆x
CGC)µσρν,
αγδβ(x, y) = ECµσρν,αγδβ δd(x− y) . (5.15)
On flat space this may be calculated in a similar fashion as previously by inverting the
Fourier transform of ∆C . From the results in appendix A.3
G˚Cµσρν,αγδβ(x) =
1
Sd
16
(d− 4)(d− 6)
1
xd−2
ICµσρν,αγδβ(x) , (5.16)
where the relevant form for the inversion tensor is
ICµσρν,αγδβ(x) = Iµǫ(x)Iσκ(x)Iρλ(x)Iνη(x)ECǫκλη,αγδβ . (5.17)
This is clearly in accord with the general expression expected by conformal invariance
given by (2.21) which thus provides a consistency check on the derivation of the conformal
operator ∆C . Obviously from (5.16) ∆C is not invertible d = 4 or d = 6.
The lack of an inverse for d = 4, 6 is true more generally. To demonstrate this we first
note that ∆C essentially vanishes identically if d = 4. For d = 4 from the vanishing of
totally antisymmetric five index tensors we have
0 = 5∇αCµσ [ρν∇αCµσ]ρν
= ∇αCµσρν∇αCµσρν − 2∇αCασρν∇µCµσρν − 2∇αCµσρν∇µCασρν
→ ∇αCµσρν∇αCµσρν − 4∇αCασρν∇µCµσρν + 2 Cµσρν [∇α,∇µ]Cασρν , (5.18)
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after discarding a total derivative and where for general d
Cµσρν [∇α,∇µ]Cασρν = (d− 2)KµαCµσρνCασρν − J CµσρνCµσρν
− CαβµσCµσρνCρναβ − 2CαρβµCµσρνCνβσα . (5.19)
Similarly we have, using Kα
α = J ,
0 = 5 Cµσ [ρνKααCµσ]ρν = −4Kµα CµσρνCασρν + J CµσρνCµσρν . (5.20)
In order to be able to apply these identities we write the action SC given in (5.10) in four
dimensions as
SC [g, C]
∣∣∣
d=4
= 1
2
∫
d4x
√
g
[
1
4
∇αCµσρν∇αCµσρν −∇µCµσρν∇αCασρν
+ 2KµαCµσρνCασρν + 12 J CµσρνCµσρν
]
= 1
2
∫
d4x
√
g
[
1
4
CαβµσCµσρνCρναβ + 12 CαρβµCµσρνCνβσα
]
. (5.21)
by virtue of (5.18), (5.19) and (5.20). For d = 4 the two O(CC2) terms are not indepen-
dent, just as in (4.5), so in order to obtain S˜C [g, C] = 0 and hence (∆˜CC)µσρν = 0 it is
sufficient to take
c + 4 e = −3
2
. (5.22)
In six dimensions the lack of an inverse follows since the Weyl tensor itself is a zero
mode, i.e.
(∆˜CC)µσρν = 0 if c = −32 , e = −34 . (5.23)
Applying ∆C to the Weyl tensor is consistent for d = 6 since the transformation of Cµσρν
in (4.1) matches that for Cµσρν in (5.1) as then k = 2 from (5.3), To verify (5.23) for this
case we now use (4.17) with (4.10) for d = 6 to give
SC [g, C]
∣∣∣
d=6
= −3
8
∫
d6x
√
g (Ω1 + 2Ω2) . (5.24)
This may be cancelled by S2[g, C], defined in (5.13), for the above choices of the parameters
c, e, and as S˜[g, C] = 0 (5.23) must hold.
As in (3.19) we may also define
2
δ
δgαβ
SC(g, C) = √g TCαβ , T˚Cαβ = TCαβ
∣∣∣
g=δ
. (5.25)
The calculation of the flat space expression for T˚Cαβ is again straightforward although
tedious from (5.11) and (5.2), with the assumed values of a, b, and also (5.9). The explicit
result is given in appendix A.4. From this we may obtain
T˚Cαα = −12(d− 10) Cµσρν (∆˚CC)µσρν ,
∂αT˚
C
αβ = −(∆˚CC)µσρν ∂βCµσρν + 4 ∂α(Cβσρν (∆˚CC)ασρν) , (5.26)
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with ∆˚C the flat space restriction of ∆C .
Using (2.24) we may find the variation of the Green function defined in (5.15), in
analogy to the k-form case (3.27). As before, assuming the result to be of the form (2.29),
which in this case gives
G˚C′µκλν,σεηρ,αβ(x, y; z)
= −G˚Cµκλν,µ′κ′λ′ν′ (x− z)G˚Cσεηρ,σ′ε′η′ρ′(y − z)Pµ′κ′λ′ν′,σ′ε′η′ρ′,αβ(Z) , (5.27)
with G˚C given by (5.16), simplifies the calculation considerably. It is sufficient to deter-
mine the most singular terms as z → y. Using (5.25) with the flat space result (A.20) of
appendix A.4 gives a relatively lengthy expression for Pµ′κ′λ′ν′,σ′ε′η′ρ′,αβ(Z) which may be
found in appendix A.5. An important consistency check is that the conservation equations
(2.35) are satisfied.
6 Fourth Order Conformal Operators
So far we have only dealt with second order operators. In this section we discuss some
results for fourth order operators.
A fourth order d-dimensional conformal differential operator acting on scalars was found
by Paneitz [14] and almost simultaneously in d = 4 by Riegert [8] and later independently
by Eastwood and Singer [15]. This has the form
∆4 = ∇2∇2 +∇µ(4Kµν − (d− 2)gµνJ)∂ν + 12(d− 4)M , (6.1)
where J and K are given by (3.3) and (3.4) and
M = −∇2J + 1
2
dJ2 − 2KµνKµν . (6.2)
This operator is conformally covariant in the sense that
δσ∆4 =
1
2
(d+ 4) σ∆4 − 12(d− 4)∆4σ . (6.3)
Subsequently ∆4 was generalised to differential forms by Branson and also by Wu¨nsch
[3, 6]. This operator has the form, with the same notation as in section 3,
∆
(k)
4 = D(k)4 + curvature dependent terms , D(k)4 = (γ + 2) δdδd + (γ − 2) dδdδ , (6.4)
which satisfies
δσ∆
(k)
4 = (γ + 2) σ∆
(k)
4 − (γ − 2)∆(k)4 σ . (6.5)
Acting on functions it reduces to the operator in (6.1)
∆
(0)
4 =
1
2
(d+ 4)∆4 . (6.6)
19
The Green function G
(k)
4 (x, y) in for ∆
(k)
4 is defined similarly to (3.21). On flat space, this
Green function may be calculated by the same technique as used for the second order
operators in appendices A.2 and A.3. First we note that in D(k)4 in (6.4) may be rewritten
as
D(k)4 = ((γ + 2)(δd + dδ)− 4 dδ)(δd + dδ) , (6.7)
so that when acting on k-forms, the flat space restriction of the operator ∆
(k)
4 is easily
seen to be (
∆˚
(k)
4 A
)
µ1···µk
∣∣∣
g=δ
= (γ + 2) ∂2∂2Aµ1···µk − 4k ∂2∂λ∂[µ1A|λ|µ2···µk ] (6.8)
By inverting the Fourier transform of this expression and transforming back to position
space with the help of (A.6,A.7) and (A.15), we obtain for the Green function on flat
space
G˚
(k)
4 µ1···µk,ν1···νk(x) =
Γ(1
2
d− 1)
16pid/2(γ − 2)(γ + 2) I
A
µ1···µk,ν1···νk(x)
1
xd−4
. (6.9)
Just as in (3.23) this involves the inversion tensor for k-forms as required by conformal
invariance.
For further discussion for simplicity we restrict our attention to the Green function
G4(x, y) for the scalar operator defined in (6.1). From (6.3) this behaves under rescalings
of the metric according to
δσG4(x, y) =
1
2
(d− 4)(σ(x) + σ(y))G4(x, y) . (6.10)
On restriction to flat space it is easy to see either directly or from (6.9) for k = 0 using
(6.6),
G˚4(x) =
Γ(1
2
d− 2)
16pid/2
1
xd−4
=
1
2(d− 2)(d− 4)
1
Sd
1
xd−4
. (6.11)
The calculation of the variation of G4 with respect to the metric is straightforward by
taking account of the metric dependence of ∆4, noting that ∇2 = (√g)−1∂µ√ggµν∂ν , and
gives
G˚′4,αβ(x, y; z) = − 1
d − 1
[
− 1
4
(d− 4) (X ∂α∂β∂2Y + ∂α∂β∂2X Y )
+ ∂α∂β∂ρX ∂ρY + ∂ρX ∂α∂β∂ρY
− 1
2
(d+ 2) (∂(αX∂β) ∂
2Y + ∂2∂(αX ∂β)Y )
+ 1
2
δαβ(∂
2∂ρX ∂ρY + ∂ρX ∂
2∂ρY )
+
d(d+ 2)
4(d− 2)
(
∂2X ∂α∂βY + ∂α∂βX ∂
2Y − 2
d
δαβ∂
2X ∂2Y
)
− 2d
d− 2
(
∂ρ∂(αX ∂β)∂ρY − 1
d
δαβ∂σ∂ρX ∂σ∂ρY
) ]
, (6.12)
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where we employ the abbreviations
X(z) ≡ G˚4(z − x) , Y (z) ≡ G˚4(z − y) . (6.13)
The explicit calculation of the derivatives yields an expression in agreement with the
general result (2.29),
G˚′4,αβ(x, y; z) = −d(d− 2)(d− 4)
2
2(d− 1) G˚4(x− z)G˚4(y − z)
(
ZαZβ − 1
d
δαβZ
2
)
Z2 . (6.14)
This satisfies the conservation condition (2.35) since it reduces just to (3.31) again.
7 Discussion
A crucial motivation for this work was to use the Green functions of conformally covariant
differential operators to construct expressions for the effective action depending on the
metric which reproduce exactly the required results for scale anomalies. In four dimensions
the operator ∆4 reduces to the operator introduced by Riegert
∆R ≡ ∆4
∣∣∣
d=4
= ∇2∇2 + 2∇µ(Rµν − 13gµνR)∂ν , (7.1)
which gives δσ(
√
g∆R) = 0. Its Green function GR(x, y) = G4(x, y)|d=4, which is therefore
invariant under local rescalings of the metric δσG
R(x, y) = 0, was used by Riegert to
construct possible forms for the effective action. To demonstrate this we may note that
G ≡ √g(G− 2
3
∇2R) , (7.2)
with G the Gauß-Bonnet term defined in (1.5), has the conformal variation
δσG = −4√g∆Rσ , (7.3)
and hence
δσΣ = σ , Σ(x) = −14
∫
d4y GR(x, y)G(y) . (7.4)
If we generalise (1.3) slightly to
gµν〈Tµν〉 = −F − βbG for δσF = 4F , (7.5)
then a four dimensional non-local action, analogous to the two dimensional Polyakov
action (1.8), which generates the trace anomaly under local rescalings of the metric was
constructed by Riegert [8] of the form,
WRiegert[g] =
∫
d4x
√
gF(x)Σ(x)
− 1
8
βb
∫
d4xd4y G(x)GR(x, y)G(y) + 1
18
βb
∫
d4x
√
g R2(x) , (7.6)
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where, since δσ(
√
gR2) = 12
√
gR∇2σ, the last term cancels the ∇2R term in G.
Just as in two dimensions we may obtain correlation functions involving the energy
momentum tensor by functionally differentiating the action and then restricting to flat
space. However, as shown in [7], this does not give rise to conformally invariant results
for the flat space correlation functions of the energy momentum tensor. This appears to
be connected with the fact that for the operator ∆4 d = 4 is a critical dimension. For the
second order operator ∆2 defined in (1.12) the critical dimension is d = 2, as is revealed
in (3.29). From (3.29) and (3.30) we may find a finite limit for the variation,
lim
d→2
G˚′2,αβ(x, y; z) =
1
2(2pi)2
(
ZαZβ − 12δαβZ2
)
. (7.7)
Using a complex basis and the explicit form for Zα in (2.30) we then get
G˚′2,zz(x1, x2; x3)
∣∣∣
d→2
=
1
2(4pi)2
(z1 − z2)2
(z1 − z3)2(z2 − z3)2
=
1
2(4pi)2
(
1
(z1 − z3)2 +
1
(z2 − z3)2 −
2
(z1 − z3)(z2 − z3)
)
.(7.8)
It is interesting to compare this conformally covariant limit with the result shown in
(1.18) which was obtained directly in two dimensions and is not in accord with conformal
invariance (although (1.18) and (7.8) agree on further differentiation with respect to both
z1 and z2).
A similar picture emerges in relation to the fourth order operators ∆4, defined for
arbitrary d, and the Riegert operator ∆R in four dimensions. The flat space limit of GR
is also logarithmic since from (6.11) we may take
G˚4(x) = − 1
16pi2
lnµ2x2 . (7.9)
Following (7.7) and using (6.14) we may obtain
lim
d→4
G˚′4,αβ(x, y; z) = − 1
3(4pi2)2
(
ZαZβ − 14δαβZ2
)
Z2 . (7.10)
However the variation of the Riegert Green function gives
G˚R′αβ(x, y; z) = G
′
4,αβ(x, y; z)
∣∣∣
d→4
− 1
12
lim
d→4
(
(d− 4) (X ∂α∂β∂2Y + ∂α∂β∂2X Y )
)
, (7.11)
with X, Y as in (6.13,6.11). The difference between taking the limit d→ 4 before or after
the variation is then
G˚R′αβ(x, y; z)− G˚′4,αβ(x, y; z)
∣∣∣
d→4
=
1
48pi4
[
(y − z)α(y − z)β
(y − z)6 +
(x− z)α(x− z)β
(x− z)6 −
1
4
δαβ
( 1
(y − z)4 +
1
(x− z)4
)]
. (7.12)
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The result for taking the limit d → 4 after the variation given in (7.10) is explicitly
conformally invariant but correspondingly the expression given by (7.12) for the variation
of the Riegert Green function shows that the additional terms violate the naively expected
conformal invariance. The additional terms in GR′ ensure that is less singular as x, y → z
and they disappear on taking derivatives both with respect to x and y. The results
obtained in this paper therefore show a very strong parellelism between the properties of
the second order operator ∆2, with critical dimension 2, and the fourth order operator
∆4, with critical dimension 4.
8 Conclusion
In conclusion we may perhaps reiterate that, in addition to the results for the fourth order
conformal operator discussed in the previous section, we have shown that the Green func-
tions of two second order conformal operators lead to conformally invariant expressions
on flat space when varied with respect to the metric. For the second order differential
operator acting on k-forms this expression is given by (3.27), while for the operator on
Weyl tensor fields it is given by (5.27). These results may be useful for constructing a
four-dimensional non-local effective action which parallels the two-dimensional Polyakov
action in at least the following respects: Like the Polyakov action, this action should
generate the conformal anomaly exactly under Weyl transformations. Moreover, when
varying this action with respect to the metric, it should also be possible to obtain con-
formal expressions for the two and three point functions involving the energy momentum
tensor.
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Note added. It was pointed out by T. Branson that according to a classification
scheme for conformal operators developed in [16], the conformal operator on Weyl tensor
fields discussed in section 5 may be written in the form ∆˜C = D∧∗D, where D is a first
order differential operator which is conformally covariant in six dimensions. In agreement
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with these results it is possible to construct such an operator explicitly. It is given by
(DC)µσρνα = 3 Cµσ[ρν;α] − 3
d− 3
(
∇λCλσ[ρνgα]µ −∇λCλµ[ρνgα]σ
)
, (E.1)
such that gµα(DC)µσρνα = 0 and
δσ(DC)µσρνα = 12(d− 10) σ(DC)µσρνα
+ 3
2
(d− 6)
{
Cµσ[ρν∂α]σ − 1
d− 3 ∂
λσ
(
Cλσ[ρνgα]µ − Cλµ[ρνgα]σ
)}
. (E.2)
Thus D is conformally covariant when d = 6. Using (E.1) we may write the action S˜C[g, C]
involving the operator ∆˜C defined in (5.14), letting c = −1
4
d, e = −1
8
d, in the form
S˜C [g, C] = d
16
∫
ddx
√
g
{
1
6
(DC)µσρνα(DC)µσρνα + (d− 4)(d− 6)
d(d− 3) ∇µC
µσρν∇αCασρν
− (d− 6)
(
Kµα CµσρνCασρν − 14J CµσρνCµσρν
)}
. (E.3)
When d = 6 we may use the identities of section 4 to show that (DC)µσρνα = 0 when
acting on the genuine metric dependent Weyl tensor C, so that S˜C [g, C] = 0. When d = 4
(DC)µσρνα(DC)µσρνα = 0 and S˜C [g, C] = 0 for any C.
Furthermore it was brought to my attention that the fourth order operator on scalars
constructed by Riegert and also by Paneitz was discussed independently in [17]. Moreover
an early discussion of this operator in general dimensions as well as of conformal operators
acting on vectors and on second rank tensors may be found in [18].
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A Appendix
A.1 Projection Operator onto the Space of Tensors with Weyl
Symmetry
The projection operator EC has the explicit form
EC µσρν,αγδβ = 112
(
δµ
αδν
βδσ
γδρ
δ + δµ
δδσ
βδρ
αδν
γ − µ↔ σ, ν ↔ ρ
)
+ 1
24
(
δµ
αδν
γδρ
δδσ
β − µ↔ σ, ν ↔ ρ, α↔ γ, β ↔ δ
)
− 1
d− 2
1
8
(
gµρg
αδδσ
γδν
β + gµρg
αδδσ
βδν
γ − µ↔ σ, ν ↔ ρ, α↔ γ, β ↔ δ
)
+
1
(d− 2)(d− 1)
1
2
(gµρgνσ − gµνgσρ)
(
gαδgβγ − gαβgγδ
)
. (A.1)
This projection operator satisfies the symmetries of the Weyl tensor as given by (4.2) in
both sets of indices.
A.2 Green Function for the Differential Operator on k-Forms
Here we calculate the flat space Green function of the operator defined in (3.12). On flat
space dδ + δd→ −∂2 so from the result in (3.10) this operator reduces to
(∆˚(k)A)µ1···µk = −(γ + 1)∂2Aµ1···µk + 2k ∂λ∂[µ1A|λ|µ2···µk] (A.2)
with γ = 1
2
(d− 2k). Its Fourier transform is
Pµ1···µk,ν1···νk(p) = (γ + 1)EAµ1···µk ,ν1···νkp2
− 2k EAµ1···µk,ελ2···λk EAηλ1···λk,ν1···νkpεpη , (A.3)
where EA is the projector on totally antisymmetric tensors of rank k. The inverse of the
Fourier transform is defined by
P−1µ1···µk,ν1···νk(p)Pν1···νk,λ1···λk(p) = EAµ1···µk,λ1···λk (A.4)
from which we obtain
P−1µ1···µk ,ν1···νk(p) =
1
(γ + 1)
EAµ1···µk,ν1···νk
1
p2
+
2k
(γ + 1)(γ − 1)E
A
µ1···µk ,ελ2···λk EAηλ1···λk,ν1···νk
pεpη
p4
. (A.5)
When transforming back to d dimensional position space we may use
1
(2pi)d
∫
ddp e−i p·x
1
(p2)α
=
Γ(1
2
d− α)
4αpi
1
2
dΓ(α)
1
xd−2α
, (A.6)
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which leads to
1
(2pi)d
∫
ddp e−i p·x
pεpη
p4
= −Γ(
1
2
d− 2)
16pi
1
2
d
∂ε∂η
1
xd−4
. (A.7)
With the aid of these relations
P˜−1µ1···µk ,ν1···νk(x) =
Γ(1
2
d)
pi
1
2
d
1
(d− 2k − 2)(d− 2k + 2)
×
[
EAµ1···µk,ν1···νk
1
xd−2
− 2k EAµ1···µk,ελ2···λk EAηλ1···λk,ν1···νk
xεxη
xd
]
(A.8)
and finally the Green function for the operator (A.2) becomes
G˚(k)µ1···µk,ν1···νk(x) = P˜
−1
µ1···µk ,ν1···νk(x)
=
Γ(1
2
d)
pi
1
2
d(d− 2k − 2)(d− 2k + 2) I
A
µ1···µk,ν1···νk(x)
1
xd−2
, (A.9)
where IA is the inversion on k-forms which is defined in (3.25). On functions or 0-forms
this reduces to
G˚(0)(x) =
Γ(1
2
d)
pi
1
2
d(d− 2)(d+ 2)
1
xd−2
, (A.10)
which up to a factor 2/(d + 2) is the standard flat space scalar Green function as given
in (3.29).
A.3 Green Function for the Differential Operator on Weyl Ten-
sor Fields
Here we calculate the flat space Green function for the operator ∆C given by (5.11).
The flat space reduction of the operator ∆C is
(∆˚CC)µσρν = − 116d ∂2Cµσρν + ECµσρν,µ′σ′ρ′ν′∂µ′∂αCασ′ρ′ν′ (A.11)
which has the Fourier transform
PCµσρν,αγδβ(p) =
1
16
d p2 ECµσρν,αγδβ − pκpλ ECµσρν,κσ′ρ′ν′ECαγδβ,λσ′ρ′ν′ . (A.12)
The inverse of this Fourier transform is defined by
PCµσρν,µ′σ′ρ′ν′(p)P
C−1
µ′σ′ρ′ν′,αγδβ(p) = ECµσρν,αγδβ , (A.13)
from which we obtain
PC
−1
µσρν,αγδβ(p) =
16
d
1
p2
ECµσρν,αγδβ
+
256
d(d− 4)
pεpη
p4
ECµσρν,εϕθω ECαγδβ,ηϕθω
+
2048
d(d− 4)(d− 6)
pεpηpκpλ
p6
ECµσρν,εϕηω ECαγδβ,κϕλω . (A.14)
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To transform this expression back to position space, we use the equations (A.6,A.7) as
well as
1
(2pi)d
∫
ddp e−ip·x
pεpηpκpλ
p6
=
Γ(1
2
d− 3)
pi
1
2
d27
∂ε∂η∂κ∂λ
1
xd−6
(A.15)
which gives
˜
PC−1µσρν,αγδβ(x) =
1
(2pi)d
∫
ddp e−ip·xPC
−1
µσρν,αγδβ(p)
=
4
d
Γ(1
2
d− 1)
pi
1
2
d
[
1
xd−2
ECµσρν,αγδβ
+
8
(d− 4)
( 1
xd−2
ECµσρν,αγδβ − (d− 2)xεxη
xd
ECµσρν,εϕθω ECαγδβ,ηϕθω
)
+
16
(d− 4)(d− 6)
(
3
2
1
xd−2
ECµσρν,αγδβ − 3(d− 2)xεxη
xd
ECµσρν,εϕθω ECαγδβ,ηϕθω
+ d(d− 2)xεxηxκxλ
xd+2
ECµσρν,εϕηω ECαγδβ,κϕλω
) ]
. (A.16)
Now the inversion on the space of tensors with Weyl symmetry may be written as
ICµσρν,αγδβ(x) = ECµσρν,αγδβ − 8 ECµσρν,εϕθω ECαγδβ,ηϕθω xεxη
x2
+16 ECµσρν,εϕηω ECαγδβ,κϕλω xεxηxκxλ
x4
, (A.17)
so that we obtain for the flat space Green function of ∆C defined in (5.15)
G˚Cµσρν,αγδβ(x) =
˜
PC−1µσρν,αγδβ(x)
=
8 Γ(1
2
d)
pi
1
2
d(d− 4)(d− 6)
1
xd−2
ICµσρν,αγδβ(x) , (A.18)
which is in agreement with the form expected from conformal invariance.
A.4 Variation of Conformal Actions
The result for the flat space limit of the metric variation (3.19) of the k-form action (3.16)
is explicitly
T˚ (k)αβ = (γ + 1)
1
k!
(dA)αµ1...µk (dA)βµ1...µk − (γ − 1) 1(k−2)! (δA)αµ1...µk−2 (δA)βµ1...µk−2
+ 2(γ − 1) 1
(k−1)!
A(α|µ1...µk−1 (dδA)β)µ1...µk−1
−1
2
δαβ
(
(γ + 1) (dA)·(dA)− (γ − 1) (δA)·(δA) + 2(γ − 1)A·(dδA)
)
+
(γ + 1)(γ − 1)
d− 2
1
(k − 1)!
(
2∂µ∂(α(Aβ)µ1...µk−1 Aµµ1...µk−1)
−∂2(Aαµ1...µk−1Aβµ1...µk−1)− δαβ∂µ∂ν(Aµµ1...µk−1Aνµ1...µk−1)
)
− (γ + 1)(γ − 1)
(d− 2)(d− 1) (
1
2
d− 1 + k)(∂α∂β − δαβ∂2)(A·A) . (A.19)
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The corresponding result for the variation (5.25) reduced to flat space can be calcu-
lated straightforwardly albeit tediously from the standard form for the dependence of the
connection on the metric, although it is also necessary to take account of the implicit
dependence through the traceless condition gµνCµσρν = 0. Without attempting to find the
simplest form but leaving the contribution of each term in the action separate we find
T˚Cαβ =
d
16
[
∂αCµσρν ∂βCµσρν − 4 ∂2C(α|σρν Cβ)σρν − 12δαβ ∂γCµσρν ∂γCµσρν
−4 ∂µ(∂(α|Cµσρν Cβ)σρν − ∂(αCβ)σρν Cµσρν)
]
− ∂µCµ(α|ρν ∂λCλ|β)ρν − 2 ∂µCµσρ(α ∂λCλσρ|β) + 2 C(α|σρν ∂β)∂µCµσρν
− δαβ
(
1
2
∂µCµσρν ∂λCλσρν + Cλσρν ∂λ∂µCµσρν
)
+ 3 ∂λ(Cλ(α|ρν ∂µCµ|β)ρν)− 2 ∂ρ(Cσ(αβ)ν ∂µCµσρν)− 4
d− 2 Cασβν∂λ∂µCµσλν
− d
4(d− 2)
[
2 ∂µ∂(α(Cβ)σρν Cµσρν)− ∂2(C(α|σρν Cβ)σρν)− δαβ ∂µ∂λ(Cµσρν Cλσρν)
]
− d(d− 6)(d+ 2)
64(d− 2)(d− 1) (∂α∂β − δαβ ∂
2)(CµσρνCµσρν) . (A.20)
A.5 Variation of the Weyl Symmetry Green Function
The tensor Pµκλν,σεηρ,αβ(Z) in (5.27) has the form
Pµκλν,σεηρ,αβ(Z)
= A ECµκλν,α′τχωECσεηρ,β′τχωETα′β′,αβ 1
(Z2)
1
2
d−2
+B ECµκλν,σεηρ
(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d−2
+ C ECµκλν,α′θχωECσεηρ,β′φχωETα′β′,αβ ZθZφ
(Z2)
1
2
d−1
+D ECµκλν,α′χωθECσεηρ,β′χωφETα′β′,αβ ZθZφ
(Z2)
1
2
d−1
+ E (ECµκλν,α′τχωECσεηρ,θτχω
+ ECµκλν,θτχωECσεηρ,α′τχω)ETα′β′,αβ ZθZβ
′
(Z2)
1
2
d−1
+ F (ECµκλν,χαβωECσεηρ,χθφω + ECµκλν,χθφωECσεηρ,χαβω) ZθZφ
(Z2)
1
2
d−1
, (A.21)
with EC defined in appendix A.1 and with ETεη,αβ = 12(δεαδηβ + δεβδηα) − 1dδεηδαβ. The
coefficients are then given by
A =
d2
4(d− 1)(d− 2)(d− 16)
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B = − d
2
64(d− 1)(d− 2)(d
3 − 22d2 + 76d− 40)
C = − d
(d− 1)(d− 2)(d
3 − 2d2 + 2d− 16)
D =
d
(d− 1)(d− 2)(d
3 − 8d2 + 20d− 28)
E =
d
8(d− 1)(d− 2)(d
4 − 7d3 + 24d2 − 36d+ 48)
F =
d
2(d− 1)(d− 2)(d
3 − 8d2 + 18d+ 4) . (A.22)
These coefficients satisfy two linear relations - derived in [7] - which follow from conser-
vation,
T1 ≡ 12(d− 4)(d+ 4)A− 8B − 12(d+ 2)C + 14(d− 4)D − 2E − 32dF = 0 , (A.23)
T2 ≡ −(d − 4)(d+ 4)A+ 16B + dC + 14d(d− 4)D − 12d(d− 10)F = 0 . (A.24)
This provides a direct check on the conservation of G˚C′.
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